We define a family of Hopf algebra objects, H, in the braided category of Z n -modules (known as anyonic vector spaces), for which the property ψ 2 H⊗H = id H⊗H holds. We will show that these anyonic Hopf algebras are, in fact, the enveloping (Hopf) algebras of particular quantum Lie algebras, also with the property ψ 2 = id. Then we compute the braided periodic Hopf cyclic cohomology of these Hopf algebras. For that, we will show the following fact: analogous to the non-super and the super case, the well known relation between the periodic Hopf cyclic cohomology of an enveloping (super) algebra and the (super) Lie algebra homology also holds for these particular quantum Lie algebras, in the category of anyonic vector spaces.
Introduction
In [13] , we proved that in the non-symmetric category of anyonic vector spaces there are families of examples in which, for any two objects A and B, we have ψ B⊗A ψ A⊗B = id A⊗B . The motivation for this came from the fact that we showed that the main theorems of braided Hopf cyclic cohomology in [8] , stated for symmetric monoidal categories, are still valid in non-symmetric categories as long as we have ψ 2 H⊗H = id H⊗H (or for short ψ 2 = id) only for the object of interest, H. We should recall that the braided Hopf cyclic theory in [8, 13] is a generalization of the Connes and Moscovici Hopf cyclic cohomology in [1, 2, 3] , and of the more general case of Hopf cyclic cohomology with coefficients in [6, 7] , to the context of abelian braided monoidal categories. A short survey on the subject can be found in [12] . This paper is organized as follows. In Section 2 we define a family of Hopf algebra objects, H, in the non-symmetric category of anyonic vector spaces, for which ψ 2 H⊗H = id H⊗H . In Section 3 we construct a family of particular quantum Lie algebras, g, in the sense of [5] (also with the property ψ 2 = id), in the same category of anyonic vector spaces. Then, we will show that their universal enveloping algebras, U (g), are the anyonic Hopf algebras introduced in Section 2.
We should mention that in [5] , they have shown, among other things, that the notion of quantum Lie algebras, in the sense of [14] , is closely related to braided Lie algebras, in the sense of [10] . To do this, they have provided an axiomatic definition of (left) quantum Lie algebras. In this paper, we follow [5] for the definition of a quantum Lie algebra, and [9, 10, 11] for other definitions and notions we need.
In Section 4 we present a lemma to compute the (braided) periodic Hopf cyclic cohomology of the anyonic Hopf algebras of Section 2. It states that, analogous to the non-super [1, 2, 3, 4] and the super case [8] , the following well known relation between the periodic Hopf cyclic cohomology of an enveloping algebra, HP * (δ,1) (U (g)), and the Lie algebra homologies,
H i (g; C δ ), * = 0, 1, (δ is a character for g), holds for those quantum Lie algebras of Section 3.
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2 Anyonic Hopf algebras with the property ψ 2
= id
In [13] , we showed that in some of the non-symmetric categories of anyonic vector spaces, there are families of objects in which for any two objects A and B we have ψ B⊗A ψ A⊗B = id A⊗B . In this section, after a quick review, we provide examples of Hopf algebra objects within one of those families. In the next sections we set out to compute the Hopf cyclic cohomology of these Hopf algebras using the braided Hopf cyclic theory in [8, 13] .
Let CZ n be the group (Hopf) algebra of the finite cyclic group, Z n , of order n. Let R = R 1 ⊗ R 2 be the nontrivial quasitriangular structure for CZ n defined by [9, 11] ,
where g is the generator of Z n . The category of all left CZ n -modules, C, is known as the category of anyonic vector spaces. The objects of C are of the form V = n−1 i=0 V i . They are Z n -graded representations of CZ n and the action of Z n on V is given by,
where |v| = k is the degree of the homogeneous elements v in V k . The morphisms of C are linear maps that preserve the grading. The braiding map in C is,
where |v| and |w| are the degrees of homogeneous elements v and w in objects V and W , respectively.
This category is the symmetric category of super vector spaces for n = 2, but is not symmetric when n > 2, [9, 11] . However, as we proved in [13] , for many values of n > 2, one can always find objects A and B in C such that "behave symmetric", i.e., ψ B⊗A ψ A⊗B = id A⊗B . The following is a family of such examples.
Example 2.1. Let C be the category of left CZ n -modules, where n = 2m 2 for some integer m > 1. Let A = n−1 i=0 A i and B = n−1 i=0 B i be objects in C which are focused only in degrees, km, for integers k ≥ 0. By A being focused only in these degrees we mean, A i = 0 when i = km, for integers k ≥ 0. For any two homogeneous elements x in A and y in B, with |x| = km and |y| = lm, k, l ≥ 0, by Formula (2.1), we have,
Thus, it is clear that,
An example of this case, as we will use in this paper, is when n = 18 and A = 17 i=0 A i and B = 17 i=0 B i are objects focused only in degrees 0, 3, 6, 9, 12 and 15.
Remark 2.2. Formula (2.2) shows that even though the objects in Example 2.1, A and B, live in a truly braided category, their braid maps ψ A⊗B behave almost like the braid maps for objects in the category of super vector spaces, by replacing |x| and |y| in the super case with |x| m and |y| m . Now we define a family of Hopf algebra objects, within the objects of Example 2.1. For such an anyonic Hopf algebra [9, 11] , H, Formula (2.3) translates to ψ 2 H⊗H = id H⊗H , as desired.
Example 2.3. Let C be the category of left CZ n -modules, where n = 2m 2 for some integer m > 1. We define a Hopf algebra object, H = n−1 i=0 H i , in C, focused in degrees km, for integers k ≥ 0, as follows. As an algebra, we define H to be generated by elements x i in degrees im (i.e., |x i | = im), for i ≥ 0, subject to no relations (except, of course, x 0 i = 1). We define the rest of the Hopf algebra structure on H by,
∆ and ǫ extended as (braided) algebra maps, i.e., (using formula (2.2)), for any homogeneous elements v and w in H,
and S as an anti-commutative algebra map, i.e.,
This means, for example, if |x i | = im and |x j | = jm are both odd then we have,
and if one of |x i | or |x j | is even,
Remark 2.4. In fact, in Example 2.3, there is even no need to restrict ourselves to one generator for each degree. This means we can have, for example, a set of generators, {x i1 , x i2 , x i3 , · · · }, in each degree im.
The structure defined in Example 2.3 is good for showing that, in general, we have a source of examples of anyonic Hopf algebras with the property ψ 2 = id. However, it is too general. Below, we provide some simpler examples by working with an odd integer m, limiting the number of generators, and by imposing some relations into the algebra structure. They are easier, for our purposes, to work with and we will use them in the next sections. In particular, we consider the case n = 18, i.e., m = 3, very often.
Example 2.5. Let C be the category of left CZ n -modules, where n = 2m 2 for some odd integer m > 1. We define a Hopf algebra object H = n−1 i=0 H i , in C, as follows. As an algebra, we define H to be generated by elements x i in degrees im, for i = 1, 3, 5, 7, · · · , 2m−1, subject to the following relations. For i, j = 1, 3, 5, 7, · · · , 2m − 1,
We define the rest of Hopf algebra structure on H by,
∆ and ǫ to be extended as (braided) algebra maps and S as an anti-commutative algebra map.
In particular if n = 18, we have, Example 2.6. Let C be the category of left CZ 18 -modules. We define a Hopf algebra object H = 17 i=0 H i , in C, as follows. For the algebra structure of H, we define H to be generated by elements x, y, and z, of degrees 3, 9, and 15, respectively, subject to the relations,
As regards the rest of the Hopf algebra structure on H, for v = x, y, z,
∆ and ǫ extended as (braided) algebra maps and S as an anti-commutative algebra map.
The following examples are yet simpler versions of the above ones, obtained by adding the relation x 2 i = 0.
Example 2.7. Let C be the category of left CZ n -modules, where n = 2m 2 for some odd integer m > 1. We define a Hopf algebra object, H = n−1 i=0 H i , in C, as follows. As an algebra, we define H to be generated by elements
The rest of Hopf algebra structure on H is defined by,
In particular if n = 18, we have, Example 2.8. The Hopf algebra object, H = 17 i=0 H i , in C, the category of left CZ 18 -modules, is defined as follows. As an algebra, H is generated by elements x, y, and z, of degrees 3, 9, and 15, respectively, subject to the relations,
Regarding the rest of Hopf algebra structure on H, for v = x, y, z,
Some quantum Lie algebras and their enveloping Hopf algebras
We follow [5] for the definitions and related notions that we are going to use in what follows.
In this section we define a few particular examples of quantum Lie algebras, g, (in the sense of [5] ), for which, as we will show, their universal enveloping algebras, U (g), turn out to be the anyonic Hopf algebras that were defined in Section 2.
Example 3.1. Let C be the category of left CZ n -modules, where n = 2m 2 , for some odd integer m > 1. We define an object, g = (2)) is equal to zero. Therefore, in (2), we always get both sides equal to zero, and we are done.
By Lemma 2.6 in [5] , for the quantum Lie algebra, g, in the above example, the universal enveloping algebra, U (g), is a Hopf algebra [9, 11] with the standard structure. Let us see what this Hopf algebra is. By the definition of U (g) [5] and Formula 2.2, we have,
This means that in U (g), [v, w] = vw−wv, when |v||w| is an even multiple of m 2 , and [v, w] = vw + wv, when |v||w| is an odd multiple of m 2 . When we apply these to the basis x i , and a i , we get, for i, j = 1, 3, 5, 7, · · · , 2m − 1,
Therefore, U (g) for the g of Example 3.1, is, in fact, the anyonic Hopf algebra of Example 2.5.
A special case of the above example is when we let m = 3, as follows.
Example 3.2. We define g = 17 i=0 g i , in the category C of left CZ 18 -modules, by setting g 3 = Cx, g 6 = Ca, g 9 = Cy, g 18 = g 0 = Cb (remember 18 ≡ 0, mod18), g 15 = Cz, g 30 = g 12 = Cc (30 ≡ 12, mod18), and
) is a left quantum Lie algebra, in the sense of Definition 2.1 in [5] . Also, U (g) is the anyonic Hopf algebra of Example 2.6. Now, to cover the remaining Hopf algebras in Section 2 (except Example 2.3), we present the following examples of abelian quantum Lie algebras. Example 3.3. Let C be the category of left CZ n -modules, where n = 2m 2 , for some odd integer m > 1. We define g = n i=0 g i , in C, by setting, g im = Cx i , for i = 1, 3, 5, 7, · · · , 2m − 1, and g i = 0, otherwise. We define the Lie bracket on g, to be zero. Then, it is very easy to see that (g, ψ g⊗g , [ , ] ) is a quantum abelian Lie algebra.
For g of this example, in a similar manner as before, and with easier calculations (as g is abelian), we will see that U (g) is the anyonic Hopf algebra of Example 2.7.
When we let m = 3 we have, Example 3.4. Let g = 17 i=0 g i , as an object in C, the category C of left CZ 18 -modules, be defined by setting g i = Cx i , for i = 1, 3, 5 (note, |x i | = 3i), and g i = 0, otherwise. We define the Lie bracket on g, to be zero. The enveloping algebra U (g), for this quantum abelian Lie algebra, is the anyonic Hopf algebra of Example 2.8.
In Section 4 we will use the results of this section, the results from [13] , and an idea similar to the one used for super Hopf algebras in [8] , to compute the braided periodic Hopf cyclic cohomology of H = U (g) from the above examples.
Computing Hopf cyclic cohomology of some anyonic Hopf algebras
For a quick review of the subject of (braided) Hopf cyclic cohomology we refer the reader to [12] .
In [13] , we showed that the main theorems of braided Hopf cyclic cohomology in [8] , which were stated for symmetric monoidal categories, are still valid in non-symmetric categories, as long as for the main player, namely the braided Hopf algebra, H, we have ψ 2 H⊗H = id H⊗H . In this section we want to use this fact to compute the (braided) periodic Hopf cyclic cohomology of the anyonic Hopf algebras from Section 2. In Section 3, we proved that for any of those Hopf algebras, H (except for the one in Example 2.3), H = U (g), for some quantum Lie algebra, g. This is why the main result of this section is the following lemma. It is an analogue of Theorem 6.3 in [8] , adapted for quantum Lie algebras in the category of anyonic vector spaces, within the family of Example 2.1.
For the reason mentioned in Remark 2.2, it is very straightforward to see that the proof of the following lemma is similar to the one of Theorem 6.3, given in detail in [8] . All one needs to do is to replace all the degrees of the homogeneous elements in the proof of that theorem, such that a given degree, |x|, becomes |x| m .
Lemma 4.1. Let C be the category of left CZ n -modules, where n = 2m 2 for some integer m > 1. Let (g, ψ g⊗g , [ , ] ) be a quantum Lie algebra in C, focused only in degrees, km, for integers k ≥ 0 (i.e., within the family of Example 2.1). Then, analogous to the non-super case [1, 2, 3, 4] and the super case [8] , the relation,
holds, where δ is a character for g. Here, HP * (δ,1) (U (g)) is the periodic Hopf cyclic cohomology of the anyonic Hopf algebra, H = U (g), and H i (g; C δ ) is the Lie algebra homology of g, with coefficients in the g-module C δ . The Lie algebra homologies, H i (g; C δ ), in the above lemma, are computed by the following complex, which is an analogue of the ChevalleyEilenberg complex, adapted for g within the family of Example 2.1.
where,
for k < l, and x k means omitted. Also, . Now, one can apply this lemma to any of the anyonic Hopf algebras in Section 2.
As an example, we close this paper by applying Lemma 4.1, in detail, to the anyonic Hopf algebra of Example 2.8, proved to be the enveloping algebra of the quantum Lie algebra of Example 3.4.
In Formula (4.6), since δ = ε, and the Lie algebra brackets are zero, all the boundary maps are zero. Thus H i (g, C ε ) = i g, where, i g, as a vector space, is generated by all elements of the form ∧ k x ∧ ∧ l y ∧ ∧ p z such that k + l + p = i. Here, by ∧ k x we mean x ∧ x ∧ x · · · ∧ x, k times.
On the other hand, since in g = 17 i=0 g i , |x| = 3, |y| = 9, and |z| = 15, we have | ∧ k x ∧ ∧ l y ∧ ∧ p z| = 3k + 9l + 15p = 3(i + (2l + 4p)), (mod 18). This implies that, as an anyonic vector space, H i (g) =
17
t=0 H i (g) t is focused only in degrees that are even multiples of 3 when i is even, and in degrees that are odd multiples of 3 when i is odd.
Therefore by Formula (4.5), as an anyonic vector space, HP 0 (ε,1) (U (g)) = i=0(mod 2)
i g is focused in degrees that are even multiples of 3, with infinitely many elements in the basis of each degree. Similarly, HP 1 (ε,1) (U (g)) = i=1(mod 2)
i g is focused in degrees that are odd multiples of 3, with infinitely many elements in the basis of each degree.
